Abstract-Optical rotation sensors based on some highly dispersive resonating structures are expected to be highly sensitive. An example is the coupled-resonator-induced transparency based rotation sensor, which is analyzed to be highly sensitive and promising to be made in a compact size. We also propose an idea of combining highly dispersive medium and resonator structure together to further increase the sensing sensitivity. Electrodynamics for modeling the Sagnac effect is discussed. Its application in the Finite-Difference Time-Domain algorithm can be used to analyze, design and optimize rotation sensors. A spatial frequency spectrum analyzing method is suggested for macrocavity designing.
INTRODUCTION
Optical rotation sensors, which are also known as gyroscopes, are widely used for industrial and military purpose. They are key components in many applications such as aircrafts, satellites, and remote control devices. Improvements in designing rotation sensors are always important to achieve high sensitivity, compact size, and low power consumption. Over the past few decades, gyroscope designing based on different structures have been intensively studied [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] , and highly dispersive structures are mostly considered [4] [5] [6] [7] [8] [9] [10] [11] .
The basic idea of a rotation sensor is to detect the phase shift induced by the Sagnac effect in a closed loop [1] . It is recognized that dispersion cannot influence the magnitude of the Sagnac effect [2, 12] . But there are different manifestations in highly dispersive medium and resonator structure. For rotation sensors based on highly dispersive medium, as Doppler effect is proposed to be the intrinsic reason to enhance their sensitivity, they suit only situations when relative motion exists between the interferometer and the medium [10] . But it's different for sensors based on highly dispersive resonating structures, such as coupled-resonator slow-light waveguide structures [9] and various photonic crystal geometries. These structures may possess huge Q-factor and they are extremely susceptible to the phase perturbation in the light path. The Sagnac effect will induce additional phase shift in the light path when such a structure is rotating, and then influence its response. The total phase shift will be enlarged as a result [10] . An example is the CRIT (coupled-resonator-induced transparency) structure, which has highly dispersive property with low absorption at its resonant frequency [13] . The gyroscope based on this structure is proved to be highly sensitive, and it has the potential to be made in a compact size [11] . The active CRIT structure, where the dispersion can be optically tailored, can further increase the performance of the CRIT based gyroscope [14] .
As the Sagnac effect in a highly dispersive resonating structure is enhanced because the structure's response is extremely susceptible to the phase perturbation, an idea of combining highly dispersive medium and coupled resonator structure together is promising to further improve the enhancement.
Electrodynamics in rotating optical elements is quite useful in designing rotation sensors. This is widely used in modeling the Sagnac effect [8, [15] [16] [17] [18] . One way of using it is the application in the Finite-Difference Time-Domain (FDTD) algorithm [18] . This FDTD method is a promising tool to accurately analyze, design and optimize rotation sensors.
The photonic crystal is a good medium for miniature gyroscopes [6, 8] . With carefully designing, photonic crystal microcavities may possess ultrahigh Q-Factor [27] [28] [29] , which is beneficial to the sensitivity of rotation sensing. We suggest a new tool for designing microcavities utilizing spatial frequency spectrum analysis, which is promising to be effective.
The structure of the paper is as follows. In Section 2, we discuss different manifestations of the Sagnac effect in highly dispersive medium and resonator structure, and confirm that some highly dispersive resonating structure will enhance the sensibility of rotation sensors. In Section 3, we study the CRIT structure based rotation sensor. In Section 4, an idea of combining coupled resonator structure with highly dispersive medium is proposed. In Section 5, we talk about electrodynamics in rotating frames for modeling the Sagnac effect, especially an FDTD method for device designing. In Section 6, we discuss a promising method for analyzing photonic microcavities. Finally, we provide our conclusion.
THE SAGNAC EFFECT IN HIGHLY DISPERSIVE STRUCTURES
The Sagnac-effect-induced phase shift in an arbitrary closed light path is given by [1] 
where ω is the optical (angular) frequency, c is the speed of light in vacuum, and A is the area enclosed by the light path. The phase shift does not depend on the shape of the area, the location of the center of rotation, and the presence of refracting corotating medium in the waveguide. There had been a historical dispute on the interplay between the Sagnac effect and the Fresnel drag effect [19] since the first demonstration of an operating fiber optic gyroscope was reported by Vali and Shorthill in the 1970's [20] . It is finally recognized that dispersion can in no way influence the magnitude of the Sagnac effect [2, 12] . Leonhardt and Piwnicki analyzed the Sagnac effect in a highly dispersive medium on the premise of Doppler detuning [5] . Since the Sagnac effect in its pure form is in no way related to the Doppler effect [21] , as Peng et al. pointed out [10] , the dispersive medium cannot be utilized to enhance the absolute rotation induced Sagnac phase shift.
But the situation is different for highly dispersive resonating structures. This kind of structure may possess huge Q-factor and it is extremely susceptible to the phase perturbation in the light path. It makes light circulate in the closed loop cavity for many times, and every circulation contributes an additional phase shift because of the Sagnac effect. The structure's response should be influenced by this phase perturbation, as it's highly dispersive. Thus the Sagnac effect can be enhanced [10] .
We can describe the response of a resonating structure in the form of transfer function [22] 
where A(ω) is the response of the amplitude, and Φ(ω) is the response of the phase. For a lossless structure, A(ω) ≡ 1. Then the phase response can be expressed as
The resonator is always structured by a series of basic elements, and then H(ω) can be written in the form of every basic element's transfer function. We can rewrite Eq. (3) as [10] Φ(φ(ω)) = tan
where φ(ω) is the phase response for a single element. Further, we assume the resonator has reciprocity, and the input and output ports are symmetric. In any medium the absolute rotation related phase shift of single segment d r is given by [1] 
where α is the Fresnel-Fizeau drag coefficient given by α = 1 − n −2 , and V is the linear velocity of the segment. Here the phase shift is induced by the pure Sagnac effect of an absolute rotation. For a closed light path, the phase shift is given by Eq. (1). The Sagnac phase shift can be treated as a perturbation to the structure's response, and then the phase shift of two counterdirection beams in a resonating structure can be calculated as [10] 
where ∆φ is the phase difference of the counterdirections in a single element induced by the Sagnac effect. The premise of this is the direction requirement [10] , which allows every element to contribute the same sign of phase shift. The total phase shift for a single element is
Two terms stand for the phase shift from propagating and the Sagnac effect respectively. For small Ω, ΩR c, the second term can be neglected. Then Eq. (6) becomes
As τ (ω) = −(∂Φ/∂ω) is the group delay of the system, v g = L/τ (ω) is the group velocity, and n g = c/v g is the group index, the phase shift for ∆φ = (4ωA/c 2 )Ω can be derived [10] :
We can see the total phase shift is proportional to n g , which represents the dispersion property of the whole system. The sensitivity of the rotation sensor can be enhanced notably utilizing resonating structure with high dispersion. The reason for the enhancement is not the Doppler effect, but the structure's response is susceptible with the Sagnac effect induced phase perturbation. For this perspective, highly dispersive resonation structures are good candidates in designing rotation sensors. A key limitation to the linear resonator systems comes from the delay-bandwidth product [23] . Therefore a trade-off between group index and bandwidth should be considered.
ROTATION SENSOR BASED ON THE CRIT STRUCTURE
One can only analyze the Sagnac effect following Eq. (9) when every basic element of the resonating structure contributes the same sign of perturbation to its response. That is the direction requirement [10] . But we can still calculate the phase response numerically without this requirement. Scheuer and Yariv [9] show qualitatively that a highly dispersive slow light structure enhances the Sagnac effect for a general case. Another example of highly dispersive resonating structure is the coupled resonator waveguide based on the CRIT effect [13] . This structure exhibits similar behavior with an EIT medium, which has highly dispersive property with low absorption at resonant frequency. The perturbation of optical parameters induced by the Sagnac effect is equivalent to the perturbation of atomic parameters, and the structure is expected to achieve high sensitivity of rotation sensing as its highly dispersive property is considered [11] . The basic configuration of the CRIT structure is illustrated in Fig. 1 .
The response of the CRIT structure can be described by the transfer function [13] 
where r j is the reflection coefficient of the coupler, φ j is the single-pass phase shift, and a j is the attenuation factor for the jth ring. When the device is mounted in a rotating frame, the most straightforward way to evaluate the relative phase shift induced by the Sagnac effect is to follow the effective phase shiftφ
where ∆φ j is the phase perturbation induced by the Sagnac effect in the jth resonator, and two directions are notated as subscript "±". As for the N -rings configuration in sign, in which the rings are of the same size, ∆φ j is of the same value in quantity but different in sign, because the beams propagate in different directions according to the respective number of resonator, odd or even. Under the "direction requirement", the phase shift can be "summed up" as [11] ∆φ
The normalized phase shift is defined as the ratio of the effective Sagnac phase shift between input and output ports and the Sagnac-effect-induced phase shift in the single resonator. It represents the enhancement of the Sagnac effect contributed by the CRIT structure. For two rings configuration, the result is plotted in Fig. 2 [11] . The result following the dispersion relation (black dashed curve) and straightforward numerical calculation from transfer function (solid curve) are in similar curve shape, especially near the resonance. Comparing the performance of the CRIT structure with a usual passive single resonator (red dot curve), under the condition that the linear geometrical size and the minimal optical attenuation are identical, we can find that the Sagnac effect is notably enhanced.
Dumeige et al. demonstrated experimentally coupled active-resonator-induced transparency in a fiber system [14] . The active CRIT structure, where the dispersion can be optically tailored, can further increase the performance of the CRIT based gyroscope.
COUPLED RESONATOR STRUCTURE COMBINED WITH HIGHLY DISPERSIVE MEDIUM
As we discussed in Section 2, the high dispersion property of medium cannot enhance the absolute rotation induced Sagnac phase shift. But the effect can be enhanced notably in a resonating structure with high dispersion, because its response is susceptible with the phase perturbation. If several basic elements of a resonating structure are filled with highly dispersive medium, it is promising to further improve this enhancement.
The transfer function of a coupled resonator structure is expressed by Eq. (10), where φ j = ωn 0 L/c is the phase shift for a single loop. n 0 is refractive index, which is calculated as a constant in our discussions in Eq. (7). When some basic element is filled with highly dispersive medium, n 0 should be replaced by n(ω). The result of ∂φ/∂ω in Eq. (6) will no more simply be n 0 L/c, and the final |∆Φ| will change. From this perspective, an appropriate design of this kind of structure may further enlarge the magnitude of |∆Φ|. This combination of coupled resonator structure with highly dispersive medium is another promising way to enhance the sensitivity of rotation sensing.
This idea has not been explicitly proved yet. And there are several practical problems to deal with. For example, a large dispersion is usually accompanied by strong absorption, which will limit the performance of a device. So it is necessary to carry on studying on this to make it practical.
ELECTRODYNAMICS FOR MODELING OPTICAL GYROSCOPES
Electrodynamics in rotating optical elements is widely used in modeling the Sagnac effect [8, [15] [16] [17] [18] , and several methods have been proposed. These are important tools when designing a rotation sensor.
In conventional waveguide, the Sagnac phase shift can be calculated by using an integral over the light path [10] . The response of a structure in rotation frame can be analyzed following the transfer function, while taking into account the Sagnac phase shift along each light path [9] [10] [11] . Another analytic model for analyzing the Sagnac effect in micro-cavity structures was proposed [6, 8, 24, 25] . For single resonant cavity, a wave-dynamical approach can be applied, and a tight-binding approximation assuming weak-coupling between micro-cavities can be used to deal with the case of multiple resonant cavities. Furthermore, the two-dimensional Green's function theory was proposed for electrodynamics of a rotating medium [26] , which represents the response to a point source. It provides a systematic tool for the general study of the spectral properties of rotating systems.
Each of these methods can solve some specific problems but still has limitations [18] . For example, the transfer function method provides a phenomenological way to model the device. However, some parameters such as reflection coefficient and attenuation factor are difficult to determine when designing a device. Numerical algorithms can thus provide a vital tool to accurately analyze, design and optimize a rotation sensitive optical device.
The FDTD method is one of numerical algorithms to solve the problem talked above. It is proposed to simulate the Sagnac effect from the real physical parameters, such as dielectric property and geometry size [18] . The basic idea is to modify Maxwell equations with adding the terms describing the Sagnac effect. Up to the first order in velocity the constitutive relations in the rotating frame take on the form [15] [16] [17] :
Maxwell equations in rotation frame keep their basic forms as:
The FDTD method can be derived by discretizing Maxwell equations Eq. (14) with the new constitutive relation Eq. (12) , and it is proved to be effective [18] .
SPATIAL FREQUENCY SPECTRUM ANALYSIS OF PHOTONIC MICROCAVITIES
The photonic crystal is a good medium for miniature gyroscopes [6, 8] . A photonic crystal microcavity possessing an ultrahigh Q-Factor is beneficial to the sensitivity of rotation sensing. A cavity mode field with a Gaussian envelope is the key requirement for realizing a high-Q photonic microcavity, and a concept of "photonic multiheterostructures" has been proposed as a method to tune the envelope function of a cavity [27] . Past progress in achieving high Q-factor is based on variation of the lattice constant [27] [28] [29] . But it is still not easy to derive a proper lattice constant for a practical cavity, without varying the lattice constant continuously. We need a more reasonable method to analyze a photonic cavity structure.
The substantial problem to analyze is the relationship between electronic mode field and the distribution of dielectric constant of a cavity ε( r). We can describe a plane structure using its spatial frequency spectrum instead of parameter distributions in real space. It could be a more comprehensive tool to analyze the relationship clearly. For example, we can use the Fourier transform
where ω S is the spatial frequency of the structure. The spectrumε(ω S ) will conclude all the information of the distribution of dielectric constant in a 2-dimentional space (a plane).ε(ω S ) can be used to analyze the structure's influence on light of different wavelengths instead of ε( r), and it is much more easier. Then we may explain more reasonably how electronic mode fields vary with parameters of a cavity, such as the lattice constant.
More generally, we can use the wavelet transform instead of the Fourier transform for the analysis. Wavelets are functions generated from one single function by dilations and translations 
The use of an appropriate mother wavelet to decode the spatial frequency of the cavity structure may make this analysis easy and clear. This method is a novel idea we are still working on.
CONCLUSIONS
The Sagnac effect can be enhanced in some highly dispersive resonating structures, and it is also different from its classical form in some other novel photonic structures. It reveals the potential improvement of rotation sensors' performance. Further study on designing rotation sensors is still attractive and necessary. With carefully designing, new rotation sensors may have all-solid configuration, compact size and high sensitivity.
